We compute the first explicit polynomials with Galois groups G = P ΓL 3 (4), P GL 3 (4), P SL 3 (4) and P SL 5 (2) over Q(t). Furthermore we compute the first examples of totally real polynomials with Galois groups P GL 2 (11), P SL 3 (3), M 22 and Aut(M 22 ) over Q. All these examples make use of families of covers of the projective line ramified over four or more points, and therefore use techniques of explicit computations of Hurwitz spaces. Similar techniques were used previously e.g. 
Introduction
In recent years, there has been a great deal of progress in explicit computation of polynomials with prescribed Galois group. One notable area of interest is the computation of 3-point covers of the line (Belyi maps), for which strong tools have been developed, e.g. in [17] . Such techniques have been used to calculate explicit polynomials for many permutation groups of small degrees.
Often the existence of such polynomials defined over Q could a priori be deduced by the Rigidity Method (cf. [26, Chapter I] ). However, even for almost simple groups of relatively small degree, not all questions can be answered merely via 3-point covers.
Meanwhile, covers with more than three branch points have been computed to solve some of those problems, like finding totally real polynomials with given Galois group, but also because they sometimes give rise to multi-parameter polynomials over Q. A spectacular result in the computation of covers with more than three branch points was Granboulan's explicit M 24 -polynomial in [12] .
An important source for examples of multi-parameter polynomials is Malle's paper [23] , which also, along with Couveignes' [4] and [5] , outlines methods for their calculation.
The computational results of this article can be largely divided into two areas: the calculation of explicit polynomials for some of the almost simple groups of smallest permutation degree for which no polynomials were previously known; and the calculation of the first totally real polynomials for other almost simple groups. Table 1 summarizes very briefly the basic features of the families of polynomials occurring and of the Hurwitz spaces that they are parametrized by. Here, a Hurwitz variety P 1 α leads to a one-dimensional family of covers, parameterized by α, of the projective line P 1 t , and therefore a two-parameter polynomial f (α, t, x) ∈ Q(α, t) [x] with the prescribed Galois group. Similarly, the Hurwitz variety P 2 α,β in Section 7 leads to a three-parameter polynomial. In the "ellipticcurve" cases, one obtains the existence of an infinite family f P (t, x) of one-parameter polynomials, parameterized by the rational points P of a rank-1 elliptic curve; for the sake of simplicity, only sample polynomials of these families are given. In some cases, polynomials for normal subgroups are derived in a natural way from polynomials with a given group. In these cases, it is to be understood in Table 1 that the Hurwitz variety parameterizing the family of covers is the same as for the original group.
It should be noted that in several of the cases in Table 1 the precise nature of the Hurwitz variety and the base curves of the covering maps became clear only via explicit computation. In particular, the existence of rational points on the Hurwitz space as well as the rationality of the base curve of the respective covers -both necessary to obtain regular Galois realizations -was not always clear a priori. This will be addressed in more detail in Sections 4-8. Before this, we will outline the theoretical background and the general techniques used for the computations.
Theoretical background
We recall some basic facts about monodromy of covers, Hurwitz spaces and braid group action.
For a deeper introduction, cf. [10] , [28] or [31] .
Covers of the projective line
Let S = {p 1 , ..., p r } be a finite subset of the projective line P 1 C, p 0 ∈ P 1 C\S, and f : R → P 1 C\S
an n-fold covering map. Then the fundamental group π 1 (P 1 C \ S, p 0 ) acts on the fiber f −1 (p 0 ) via lifting of paths. This yields a homomorphism of π 1 (P 1 C \ S, p 0 ) into S n , and if γ i are homotopy classes of closed paths from p 0 around p i (i = 1, ..., r), ordered counter-clockwise in P 1 C, their images under this action, say σ 1 , ..., σ r , generate a group isomorphic to the Galois group of E | C(t), with E being the Galois closure of the function field of (the compact Riemann surface) R. Furthermore, we have σ 1 · · · σ r = 1. We call (σ 1 , ..., σ r ) the branch cycle description of the cover f . The genus g of R is given by the Riemann-Hurwitz genus formula
where the index ind(σ i ) is defined as n minus the number of cycles of σ i ∈ S n . This motivates the following definition:
Definition 1 (Genus-g tuple). Let G ≤ S n be a transitive permutation group, r ∈ N and σ 1 , ..., σ r ∈ G such that σ 1 , ..., σ r = G and σ 1 · · · σ r = 1. Then (σ 1 , ..., σ r ) is called a genus-g tuple of G, with
Hurwitz spaces
Let G be a finite group. Let S be a subset of the projective line P 1 C of cardinality r, p 0 be any point in P 1 \ S and f : π 1 (P 1 \ S, p 0 ) → G be an epimorphism mapping none of the canonical generators γ 1 , ..., γ r of the fundamental group to the identity. On the set of such triples (S, p 0 , f ) one defines an equivalence relation via (S,
′ and there exists a path Theorem 1. Let G be a finite group with Z(G) = 1. There is a universal family of ramified coverings F :
, the fiber cover F −1 (h) → P 1 C is a ramified Galois cover with group G. This cover is defined regularly over a field K ⊆ C if and only if h is a K-rational point. In particular, the group G occurs regularly as a Galois group over Q if and only if H in r (G) has a rational point for some r.
Monodromy action leads to a group theoretic interpretation of the above equivalence classes of covers.
Definition 2 (Nielsen class). Let G be a finite group, r ≥ 2 and
the set of all generating r-tuples in G \ {1} with product 1. Furthermore let E in r (G) be the quotient of E r (G) modulo conjugating the tuples simultaneously with elements of G.
For any r-tuple C := (C 1 , ..., C r ) of non-trivial conjugacy classes of G the Nielsen class N i(C) is defined as the set of all (σ 1 , ..., σ r ) ∈ E r (G) such that for some permutation π ∈ S r it holds that σ i ∈ C π(i) for all i ∈ {1, ..., r}. The definition of N i in (C) is then possible in analogy to the above notation.
Denote by H r the Hurwitz braid group on r strands. This group, a quotient of the Artin braid group, can be defined as the group generated by r − 1 elements β 1 , ..., β r−1 fulfilling the classical braid relations
and the additional relation 
It is obvious that the sets N i in (C) are unions of orbits under these actions.
Furthermore, if U r denotes the space of r-sets in P 1 C and Ψ : H in (G) → U r is the branch point reference map, the elements of a given fiber are in 1-1 correspondence with elements of E in r (G). Indeed, the above action on equivalence classes of r-tuples of elements of G is, via this correspondence, essentially the same as the action of the fundamental group on the fiber via lifting of paths. Each of the orbits of the braid group acting on N i If one leaves out the permutation π in the above definition of a Nielsen class, one gets the notion of a straight Nielsen class:
The definition of SN i in (C) is then possible in analogy to Def. 2. Now always assume that Z(G) = {1}, and that the braid group action on SN i in (C) is transitive.
1 Following [8, Theorem 4.3] , one has the following morphisms between (quasi-projective) varieties:
, the universal family of covers in the Nielsen class N i in (C).
• H in (C) → U r , mapping each point of H in (C) to its set of branch points.
• Proceeding to the pullback (
with U r the space of ordered r-sets in P 1 C.
•
, where
is the image under the above map of the subvariety of (H in ) ′ (C) consisting of covers with the first three branch points equal to 0, 1, and ∞ (in this order).
• This restriction gives a morphism of r − 3-dimensional varieties
Particularly in the case r = 4, C := H red (C) is a curve -it corresponds, via action of P GL 2 (C), to the set of all covers with branch cycle description in C and ordered branch point set (0, 1, ∞, λ),
for some λ ∈ C \ {0, 1} (Of course, this choice of branch points cannot always be assumed for covers defined over Q; therefore one may consider covers with partially symmetrized branch point sets as well -cf. Chapter III.7 in [26] ). The existence of Galois covers defined over a field K is therefore directly linked to the existence of K-points on such curves (often called reduced Hurwitz spaces).
We also refer to these reduced Hurwitz spaces as Hurwitz curves. There are well known theoretical criteria to determine the genus of these Hurwitz curves, cf. e.g. Thm. III.7.8 in [26] .
Computational methods

Deformation of genus zero covers
Let N i(C) be a Nielsen class of genus zero 4-tuples generating a finite group G (assume always
Recall from Section 2 that, if SN i in (C) contains a unique orbit of length n under the action of the braid group, H is the corresponding connected component of the (inner) Hurwitz space and H ′ its pullback over U 4 , then there is a natural degree-n cover H ′ → U 4 , where H ′ is birationally equivalent to C × (P 1 C) 3 , and a degree-n cover C → P 1 C of (irreducible projective non-singular) curves. If, via Moebius transformations, one fixes three of the four branch points of the genus zero covers, say to 0, 1 and ∞, one obtains a family of branched covers T 0 → C × P 1 C.
Let t be a parameter for the projective line on the right side, then this family will have ordered ramification locus in t: (0, λ, 1, ∞), where λ is a function on C. As C is an irreducible curve, its function field is of one variable (and of degree n over C(λ)), i.e. equal to C(λ, α) for some function α. Therefore the family T 0 → C × P 1 C can be expressed by a polynomial equation f (λ, α, t, X) = 0, where f ∈ C(λ, α)[t, X] is linear in t (because of the genus zero condition). For every specialization t → t 0 (e.g. to a ramification point), the coefficients of f (λ, α, t 0 , X) lie in the function field C(λ, α).
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To determine these coefficients, embed C(λ) into the Laurent series field C((λ)). Then, using the fact that the finite extensions of C((λ)) are all equal to some C((µ)) with µ e = λ, for some e ∈ N (cf.
[31, Chapter 2. There are two important cases for practical computations:
• If one knows an explicit polynomial for some degenerate (3-point) cover with monodromy (σ 1 σ 2 , σ 3 , σ 4 ) as above, one can determine e and then develop Puiseux expansions to regain a cover with 4 branch points. The idea is to gain a sufficiently good initial approximation and then use Newton iteration to develop the series. A point in a given fiber of the non-degenerate cover which converges to a multiplicity-k point X → x 0 of the degenerate cover will be of the
To reach the necessary precision of the initial approximation, one needs to determine the unknown first-order coefficient. This is achieved by finding equations for the "opposite" degeneration with monodromy (σ 1 , σ 2 , σ 3 σ 4 ), corresponding to µ → 0 from the viewpoint of a new parameter s := t/λ.
A detailed description of this method has been given by Couveignes in [4] , and an explicit Magma algorithm is contained in [20] . Compare also the examples in the later sections, especially Section 4.3.
• If one even knows an explicit polynomial for some non-degenerate (4-point) cover of the family (say, ramified in t → (0, 1, ∞, a) for some a ∈ C \ {0, 1}), then by mapping the branch points of the family to t → (0, 1, ∞, a + λ) one can develop from an unramified point, i.e. actually obtain Laurent series in λ for the above coefficients. As one starts from a non-ramified point on the Hurwitz space, there is also no concern of getting into the Hurwitz space of a wrong four-point family by deforming, so computations can be done modulo suitable primes (as one doesn't need to double-check the monodromy via numerical methods in C). However, for groups of larger degree, one cannot expect to directly find a polynomial for a non-degenerate cover, as the corresponding system of equations becomes too complicated.
Remark:
a) Of course all this remains true for r-tuples with r ≥ 5 as well. In this case one either has to increase the transcendence degree to get the full Hurwitz space, or work at first only with a curve on the Hurwitz space, by fixing r − 1 branch points in t (in the unsymmetrized case).
b) So far, all considerations were made over C. However, for suitable choice of the conjugacy classes in N i(C), the corresponding Hurwitz space can sometimes be defined over Q. The
Puiseux expansion approach may therefore be carried out over an appropriate number field.
c) The above condition on the ordered ramification locus in t to be t → (0, 1, ∞, λ) corresponds to the unsymmetrized case; analogously, suitable Moebius transformations lead to different symmetrized cases; e.g. in the C 2 -symmetrized case one can w.l.o.g. consider all covers with ordered ramification locus ({ zeroes of t 2 − λ}, 1, ∞), etc.
Finding algebraic dependencies
Assume for simplicity that the reduced Hurwitz space (obtained from
for a given family of covers with r branch points can be defined over Q. The following approaches will be used in the following sections to obtain algebraic dependencies (cf. also Section 5 of [4] ):
1) If the coefficients α i are actually given as Laurent series in µ := λ 1/e , simply solve a system of linear equations in order to see whether α 1 , α 2 fulfill a polynomial equation of degrees n 1 , n 2 respectively. As such an equation has N := (n 1 + 1)(n 2 + 1) unknowns, series need to be expanded to precision at least µ N in order to obtain sufficiently many equations via comparison of coefficients.
An explicit (and precise!) Laurent series expansion is usually difficult to obtain over Q, as the coefficients grow quite rapidly. Therefore this approach, at least for dependencies of high degrees, can often be only obtained modulo some prime.
2) Once the degrees for algebraic dependencies are known (or can be conjectured, e.g. after modp reduction), the corresponding systems of linear equations can also be solved numerically for complex approximations, with many different specialized values for λ, instead of one highorder Laurent series in λ.
3) Instead of solving approximate complex equations numerically, a mod-p solution can be lifted to many different solutions in Z p . The algebraic dependencies can then be retrieved via interpolation.
4)
If the degrees are not too high, algebraic dependencies can be obtained from complex approximations via the LLL-algorithm (see [21] ): suppose that α 1 , α 2 fulfill a rational polynomial equation of degrees n 1 and n 2 respectively, specializing α 1 to a rational value will leave α 2 in a number field of degree at most n 2 over Q. With sufficient precision, we managed to retrieve the minimal polynomials for these specialized values of α 2 for degrees n 2 up to 100. Again, repeating this for many (at least n 1 +1) different specializations for α 1 will allow interpolation to retrieve the original equation.
Remark:
Especially for larger braid orbits, with braid genus g > 0, it may not always be possible to directly find algebraic dependencies for all coefficients occurring in an equation for the universal family (as some of these dependencies may be of very large degree). Therefore, in order to check whether a rational solution of some algebraic equation really corresponds to a "good" point on the Hurwitz space (and not to a point on the boundary with degenerate monodromy!) one may have to find this point by moving through the Hurwitz space using Newton iteration. To do this, one can use the monodromy action of the Hurwitz braid group (as the fundamental group of the space U r ) in order to gain, from an approximation for a cover with branch cycle description (σ 1 , ..., σ r ), approximations for all covers with the same set of branch points and branch cycle description in the same braid orbit. E.g., applying the braid β i to a given cover with ordered branch point set (p 1 , ..., p r ) corresponds to switching the i-th and the (i + 1)-th branch point by moving each of them by 180 degree on the the disc around 
Considerations about the gonality of function fields
Usually the algebraic dependencies f (a, b) = 0 will not be optimal with regard to the degrees of the variables a, b involved. One can therefore use considerations about the gonality of the function field K(a, b), involving computations of Riemann-Roch spaces, to find good parameters, i.e. rational function fields with low index in the function field K(a, b). This is especially useful in function fields of genus 0 or 1, or in hyperelliptic function fields.
Definition 4 (Gonality). Let F |K be a function field of one variable. The gonality gon(F |K) of F |K is defined as the minimum of the degree [F : K(x)] (for x ∈ F ), i.e. the minimal index of a rational function field in F .
We use the following estimates on the gonality of function fields, which also yield a method to explicitly find rational function fields K(x) ⊆ F of low index.
Lemma 2. Let g be the genus of the function field F |K. Then
See [16, Lemma 6.6.5] for the proof. In each of the cases of Lemma 2, computation of suitable Riemann-Roch spaces yields explicit elements x ∈ F with [F : K(x)] at most the bound given in the respective case.
Galois group verification
Once an exact polynomial equation (over Q or another number field) for a member of a given family of covers -or even for the entire family -has been found, it is necessary to verify the Galois group, especially considering that significant parts of the computations were based on numerical approximations. There are several easy ways to gain evidence for the Galois group. One of these is the computation of the monodromy by numerical means; this is a solid tool, although not an exact method -and turning it into one requires considerable efforts. However, in all the cases covered in the following sections, the structure of the Galois group allows for rigorous proofs, which are therefore given in detail.
The following sections will apply the theoretical and computational background to several examples of interest. For each example, the structure will roughly follow the sequence of Sections 2 and 3: firstly, a presentation of the properties of the Hurwitz family resp. braid orbit in question,
followed by a description of the concrete techniques applied for deformation of covers and retrieving algebraic dependencies; finally, a presentation of explicit polynomials and verification of their Galois group.
A family of polynomials with Galois group P SL 5 (2) over Q(t)
We compute a family of coverings with four ramification points, defined over Q, with regular Galois group P SL 5 (2). This yields the (to my knowledge) first explicit polynomials with group P SL 5 (2) over Q(t).
A theoretical existence argument
The group P SL 5 (2) does not have any rigid triples of rational conjugacy classes, and among the genus zero systems of rational class 4-tuples, there is only one with a Hurwitz curve of genus zero. This curve will turn out to be rational in the course of the explicit computations, but this does not seem to be immediately clear by the standard braid orbit criteria (see below). However, if one looks at class 5-tuples, it is possible to obtain P SL 5 (2) as a regular Galois group over Q via purely theoretical arguments:
Proposition 3. The inner Hurwitz space for the class 5-tuple (2A, 2A, 2B, 2B, 3B) of P SL 5 (2) contains a rational curve over Q, and therefore infinitely many Q-points.
Proof. This 5-tuple of classes arises as a rational translate of a 4-tuple of classes in Aut(P SL 5 (2)). This 4-tuple (of classes (2A, 2B, 2C, 6A)) has a single braid orbit of length 46; its Hurwitz curve is of genus zero, and the images of the braids in the action on this orbit fulfill an oddness condition to guarantee the rationality of this genus zero curve. Every Q-point of this rational curve realizes Aut(P SL 5 (2)) regularly over Q, and as the P SL 5 (2)-fixed field of such a realization is a rational function field (of degree 2 over the base field), one also obtains P SL 5 (2).
As the explicit computation of such a field extension requires the computation of P SL 5 (2)-covers with 5 branch points, we content ourselves with a 4-point family in the following. Note however, that the deformation methods of Section 3.1 could be used to obtain members of the above 5-point family from the 4-point one. 
Data of a Hurwitz family
In the notation of Section 2, we have |SN i in (C)|= 24. The action of the braid group on SN i in (C), as given in Equation (1), is transitive and more precisely yields that there is a family of covers T → C × P 1 C, where C (the C 2 -symmetrized reduced Hurwitz space) is an absolutely irreducible curve of genus zero, and for every h ∈ C the corresponding fiber cover is a Galois cover of P 1 C with Galois group P SL 5 (2).
Although the usual braid genus criteria yield that the C 2 -symmetrized Hurwitz space for this family is a genus-zero curve, it does not seem clear via standard theoretical considerations (e.g. is the corresponding function field extension, of degree 24, we have an inclusion Q(t) ⊂ E ⊂ F , with [E : Q(t)] = 12 and [F : E] = 2). As the images in the action on the blocks of the three braids defining the ramification structure of these fields have cycle structure (4 2 .3.1), (7.3.2) and (2 5 .1 2 ) respectively, it is clear that E is still a rational function field; however the cycle structure of the latter involution in the action on 24 points is (2 12 ), so it is possible that a degree-2 place of E ramifies in F , in which case the rationality of F is not guaranteed. 3 We therefore clarify the rationality of this curve by explicit computation.
Deformation of covers
We start with a degenerate cover with ramification structure (2A, 21A, 8A), with group P SL 5 (2).
We solve the corresponding system of equations for the three-point cover modulo 11, and then lift and retrieve algebraic numbers from the 11-adic expansions. The triple is rigid, but as the conjugacy class of the element of order 21 is not rational, we obtain a solution over a quadratic number field,
where (a 1 , ..., a 5 ) := (
From this degenerate cover, we develop complex approximations for a cover branched in four points, using Puiseux expansions as outlined in Section 3.1. As pointed out there, in order to turn the above 3-point cover into a first-order approximation of the 4-point family, we need to consider the "opposite" degeneration as well. Therefore, write the element of order 21 as a product of two elements σ 2 of class 2A and σ 3 of class 3B. One verifies that in all cases, the triple (σ 2 , σ 3 , (σ 2 σ 3 ) −1 )
generates an intransitive group isomorphic to P SL 3 (2)×C 3 , with orbits of length 21, 7 and 3. Equations for the genus zero covers induced by this triple on each orbit are easily computed (especially since the degree 21 action is imprimitive, so the corresponding equation arises as a composition of functions of degree 3 and 7) and yield all the information needed for first-order approximations. Now let C(x)|C(t) be the field extension of rational function fields corresponding to the cover with four branch points. Via Moebius transformations (in x and in t) it is possible to assume a defining polynomial
where deg(f 0 ) = 10, deg(g 0 ) = 2 and deg(g 1 ) = 3 (so we have e.g. assumed the element of order 8
to be the inertia group generator over infinity, and the element of order 3 the one over zero). Also, assume that for some λ ∈ C the polynomials f a := f (a, x) and f b := f (b, x) (where a and b shall denote the complex zeroes of x 2 + x + λ) become inseparable in accordance with the elements in the conjugacy class 2A .
Once we have obtained a complex approximation of such a polynomial f , we now slowly move the coefficient at x 2 of the above polynomial g 1 to a fixed rational value, and apply Newton iteration to expand the other coefficients with sufficient precision to then retrieve them as algebraic numbers (using the LLL-algorithm). One finds that all the remaining coefficients come to lie in a cubic number field. For example, specialization to the rational value −1 leads to a root field of would enforce the latter function field to be rational over Q as well. This will be confirmed by the further computations.
Algebraic dependencies and exact equations
We now choose a prime p such that the above solution, found over a cubic number field, reduces to an F p -point. Any prime such that the defining polynomial of the cubic number field has a single root modulo p will do, e.g. p = 11 for our example. Then we apply approach no.3 described in Section 3.2, that is, we lift this point to sufficiently many p-adic solutions (all coalescing modulo p), in order to obtain algebraic dependencies between the coefficients 4 . These dependencies are all of genus zero, and luckily some of them are of very small degree, e.g. if c 2 and c 1 are the coefficients at x 2 resp. x of the polynomial g 1 , one obtains an equation we only need 12 different p-adic liftings to find this dependency as the smallest degree dependency between c 1 and c 2 -and maybe a few more to gain evidence that it is not a coincidence. Of course, we find α ij ∈ Q p , but for theoretical reasons we expect them to actually be rational numbers -and indeed it is easy to retrieve the actual rational numbers from a sufficiently close p-adic approximation. Next, one easily finds a parameter α for the rational function field defined by this equation, using Riemann-Roch spaces (cf. Lemma 2). Now, we can express all coefficients as rational functions in α, and obtain the following result: Theorem 4. Let α, t be algebraically independent transcendentals over Q. Define polynomials f 0 , g 0 , g 1 ∈ Q(α)[x] as follows:
Then the polynomial f (α, t, Proof. Dedekind reduction, together with the list of primitive groups of degree 31 (as implemented e.g. in Magma), shows that P SL 5 (2) must be a subgroup of the Galois group. It therefore suffices to exclude the possibilities A 31 and S 31 .
Multiplying t appropriately, we can assume the covers to be ramified in t = 0, t = ∞ and the zeroes of t 2 + t + λ, with some parameter λ. Interpolating through sufficiently many values of α one finds the degree-24 rational function λ = h1(α) h2(α) parameterizing the Hurwitz curve. As e.g. α = 0 and α = 1/2 yield the same value for λ, we set t = C · ( )(0, s) (evaluating x to a parameter s of a rational function field, as well as α to 0, and multiplying with a suitable constant C to obtain the above condition on the branch points). Then one can check that over Q(s), the polynomial f (1/2, C 2 · t, x) (again for a suitable constant C 2 to obtain the branch point conditions) splits into two factors of degrees 15 and 16. This means that for this particular point of the family, there is an index-31 subgroup of the Galois group that acts intransitively on the roots. As P SL 5 (2) has such a subgroup and A 31 and S 31 don't, the Galois group for this particular specialization is P SL 5 (2). This specialization corresponds to an unramified point on the (irreducible) Hurwitz space, therefore the entire family must belong to the same Hurwitz space and therefore have Galois group P SL 5 (2) over Q(α, t).
We can now specialize α to any value that does not let two or more ramification points coalesce, to obtain polynomials with nice coefficients with group P SL 5 (2) over Q(t). E.g. α → 0 leads to:
defines a regular extension of Q(t) with Galois group P SL 5 (2).
In fact it can be seen from λ = h1(α) h2(α) (as in the proof above) that the only specialized rational values for α that lead to degenerate covers (with two branch points coalescing) are α → −4, α → −1 and α → 2.
Remark:
The above proof essentially uses the fact that P SL 5 (2) has two non-conjugate actions on 31 points inducing the same permutation character. This can of course be applied to other linear groups, and has e.g. been used in [23] to verify P SL 2 (11) (and others) as the Galois group of a family of polynomials. Cf. also the Galois group verifications in the following sections.
Polynomials with Galois group
P SL 3 (4) ≤ G ≤ P ΓL 3 (4) over Q(t)
Review of known results
Previously, there have not been any explicit polynomials f (t, X) ∈ Q(t)[X] with regular Galois group P ΓL 3 (4)(= P SL 3 (4).S 3 ), P GL 3 (4)(= P SL 3 (4).3) or P SL 3 (4). Malle gave a polynomial for P SL 3 (4).2 (the extension of P SL 3 (4) by the field automorphism) in [24, Theorem 3] , but this does not yield a P SL 3 (4)-polynomial, as the P SL 3 (4)-fixed field does not have genus 0 (see however [32, p.2] for a way to obtain from Malle's polynomial a P SL 3 (4)-polynomial over Q (not Q(t)).
Theoretical arguments for all P SL 3 (4) ≤ G ≤ P ΓL 3 (4) to be a regular Galois group over Q(t) have however been known for a long time (cf. [26] , Example 4.2. in Chapter IV.4).
Data of a Hurwitz family
We find polynomials for all groups P SL 3 (4) ≤ G ≤ P ΓL 3 (4) by computing the Hurwitz space of a family of covers with Galois group P ΓL 3 (4), ramified over four places with ramification struc- (4) . The length of the corresponding Nielsen class is 20, and the C 2 -symmetrized inner Hurwitz curve is a rational curve of genus zero. Therefore this family leads to many polynomials with regular Galois group P ΓL 3 (4) over Q. The fixed field of P SL 3 (4) in such an extension is still of genus zero, as can be seen by the coset action of the above class four-tuple on P ΓL 3 (4)/P SL 3 (4).
However, even the fixed field of P GL 3 (4) cannot be guaranteed to be a rational function field by theoretical means (it is a genus-zero degree-2 extension of the function field Q(t), ramified in two places, which are possibly algebraically conjugate, in which case the extension field need not be rational). The above fixed field would automatically be rational for any rational point on the unsymmetrized Hurwitz curve -i.e. for a regular P ΓL 3 (4)-extension with all branch points rationalbut this curve is not of genus zero anymore.
We therefore verify by explicit computation that the fixed field of P SL 3 (4) is indeed a rational function field for suitable choices of parameters; this yields explicit polynomials with regular Galois groups P GL 3 (4) and P SL 3 (4) as well.
A family of polynomials with regular Galois group P ΓL 3 (4)
The deformation and algebraization process for our family is analogous to the one in Section 4
(note that the Hurwitz curves are rational in both cases). It should therefore suffice to present the resulting polynomial. We only note briefly that a good permutation triple to start the deformation process from is the triple with cycle structures (2
, generating the transitive subgroup P SL 3 (4).2. A polynomial for this triple is easily found modulo a small prime and then lifted to a polynomial defined over a number field -in this case Q( √ −1).
Theorem 6. The polynomial
has regular Galois group P ΓL 3 (4) over Q(α, t), with ramification structure (2 7 .1 7 , 2 7 .1 7 , 3 5 .1 6 , 5 4 .1) with regard to t.
Proof. Specializing in appropriate finite fields, one sees that the Galois group of f is either P ΓL 3 (4) or S 21 . Now P ΓL 3 (4) has two non-conjugate subgroups U and V of index 21. If one considers the action of P ΓL 3 (4) on the right cosets of U , then V is intransitive with orbits of length 5 and 16. The images of the desired inertia subgroup generators σ 1 , ..., σ 4 in the action on the cosets of V are still of the same cycle type, and therefore belong to the same family of covers, but not to the same cover.
A suitable linear transformation in t assures that the function field extension Q(α)(x) | Q(α)(t) is ramified over t → 0, t → ∞ and t → {zeroes of t 2 + t + µ(α)} for some rational function µ(α) ∈ Q(α). This choice of ramification yields a good model for the C 2 -symmetrized Hurwitz curve. One then notes that the specializations α → 10 and α → 13 lead to the same ramification locus. If f 10 (t, x) = p 10 (x) − tq 10 (x) and f 13 (t, x) = p 13 (x) − tq 13 (x) are the corresponding polynomials, the polynomial p 10 (x) · q 13 (y) − q 10 (x) · p 13 (y) decomposes in Q[x, y] into factors of degree 5 and 16. This means that there is an index-21 subgroup in the Galois group of f 10 (t, x) acting intransitively with orbits of length 5 and 16. Therefore f 10 must have Galois group P ΓL 3 (4), and as our Hurwitz space is connected, the same must hold for the two-parameter polynomial f . Galois group P GL 3 (4) over Q:
As the fixed field of P SL 3 (4) is a degree 3 genus zero extension of the fixed field of P GL 3 (4), it is a rational function field whenever the latter field is. Parameterizing it for our specialization α 0 = 10 leads to the following polynomial with regular Galois group P SL 3 (4): 
5.5. Totally real extensions with group P SL 3 (4) ≤ G ≤ P ΓL 3 (4)
The family computed above does not yield any totally real Galois extensions with the above groups, as can be checked easily by observing the action of complex conjugation on the class tuples in the Nielsen class. This conjugation is never given by the identity element of P ΓL 3 (4), which would however be necessary to obtain a totally real specialization.
On the other hand, the family used in [26] , Example 4.2 in Chapter IV.4 to obtain P SL 3 (4) ≤ G ≤ P ΓL 3 (4) as regular Galois groups by theoretical means does lead to such specializations. I computed this family in an earlier version of this paper (cf. [20, Chapter 7] ); it also has a rational 6. Totally real extensions with group P GL 2 (11)
In this section and the following ones, we will focus on totally real extensions. In particular, we compute explicit polynomials for totally real Galois extensions over Q, with Galois groups P GL 2 (11) = P SL 2 (11).2, P SL 3 (3), M 22 and Aut(M 22 ) = M 22 .2. The first two of these groups are the smallest (with respect to minimal faithful permutation degree) that have not been previously realized as the Galois group of a totally real extension of Q, this means that explicit totally real polynomials are now known for every transitive permutation group of degree at most 13 (cf. [19] ).
By now, some totally real specializations of the P GL 2 (11)-and P SL 3 (3)-polynomials computed below have been inserted in the database [19] .
Note that totally real extensions can only be obtained via families with four or more branch points, cf. [26] , Chapter I, Example 10.2. The problem for the group P GL 2 (11) is that, on the one hand, to obtain totally real fibers (i.e. a complex conjugation acting as the identity) one needs to compute polynomials with at least four branch points. On the other hand P GL 2 (11) in its natural action has no generating genus zero tuples of length r ≥ 4. There are however genus zero tuples in the imprimitive action on 22 points, which stems from the exceptional action of P SL 2 (11) on 11 points (this degree-11 action was also used by Malle to compute totally real P SL 2 (11)-polynomials in [23, Section 9]). Below are explicit computations for two such class tuples.
6.1. The ramification type (2A, 2B, 2B, 3A)
Hurwitz data and assumptions on branch points
Firstly, let C = (2A, 2B, 2B, 3A) the quadruple of classes of P GL 2 (11), where 3A is the unique class of elements of order 3, 2A is the class of involutions inside P SL 2 (11), and 2B the class of involutions outside P SL 2 (11). This is a genus zero tuple in the imprimitive action on 22 points, so for a degree-22 cover of P 1 (C) with this ramification type, we get the following inclusion of function fields: C(t) ⊆ C(s) ⊆ C(x), where exactly two places of C(t) ramify in C(s) (namely the ones with inertia group generator not contained in P SL 2 (11)), and exactly four places of C(s) ramify in C(x) (namely two places lying over the ramified place of C(t) with inertia group generator in 2A, and two lying over the place of C(t) with inertia group generator 3A).
The essential task is therefore to compute the extension C(x)|C(s) , i.e. to compute polynomials with P SL 2 (11)-monodromy, defined over Q if possible, and ramification type (2A, 2A, 3A, 3A). The straight inner Nielsen class of these tuples in P SL 2 (11) is of length |SN i in |= 54, with transitive braid group action and symmetrized braid orbit genus g 12 = 1.
5 Via Moebius transformations, we therefore assume that the two places of C(s) with inertia group generator of order 3 are s → 0 and s → ∞, and also fix the sum of the other two branch points. As the cycle structure of an element σ in the class 3A of P SL 2 (11) in the action on 11 points is (3 3 .1 2 ), and one of the 3-cycles remains fixed under conjugation with N P SL2(11) ( σ ) (and therefore under the action of the decomposition subgroup), one can assume w.l.o.g. for a model over Q that the place x → 0 lies over s → 0 (with ramification index 3), and the same for x → ∞ and s → ∞. That is, we may w.l.o.g. look for
polynomial equations
Computations
Due to the relatively small degree, one can immediately search for a mod-p reduced polynomial with the above restrictions on places and the correct ramification, instead of starting with a 3-point cover and going through the deformation process. There is a solution with the correct Galois group over F 7 .
Now lift this solution to many approximate Q 7 -solutions, with the set of zeroes of s · (s 2 + 4s + λ)
as the finite ramification locus (for many different values of λ). (with α the coefficient of g 1 and β the one of g 2 ). Computation with Magma confirms that this defines an elliptic curve of rank 1 (more precisely, this curve can be defined by the cubic equation 
where specializations of s in the real interval [−0.623.., −0.619..] (between the two algebraically conjugate branch points) lead to totally real fibers. Now all that is left is to parameterize the above extension C(s)|C(t) over Q to fit the positions of the branch points. This leads to the following:
and
Then F has regular Galois group P GL 2 (11) over Q(t) and possesses totally real specializations for all t → t 0 > 135367 (i.e. t 0 larger than the largest finite branch point). We therefore first prove that f has Galois group P SL 2 (11).
As in Section 5, we compute an explicit algebraic dependency for the natural (degree 54) cover of the reduced Hurwitz space over P 1 . We use this to find a second cover with the same ramification locus as the one given by f , and then make use of the fact that P SL 2 (11) has two non-conjugate subgroups of index 11. Set
Then f (s, x) splits over Q(s) into polynomials of degree 5 and 6. This shows that Gal(f |Q(s)) has an intransitive index-11 subgroup, and so it cannot be equal to A 11 or S 11 . Dedekind reduction then leaves only P SL 2 (11). So f has Galois group P SL 2 (11) over Q(s), and regularity is obvious. Therefore Gal(F |Q(t)) is a transitive subgroup of the wreath product P SL 2 (11)≀C 2 < S 22 . Now one can check immediately that the only transitive subgroup of this wreath product with a generating 4-tuple (with product 1) of the necessary cycle structure is P GL 2 (11). So P GL 2 (11) is the geometric Galois group of F , and regularity follows because P GL 2 (11) is self-normalizing in S 22 . Finally, the assertion about totally real specializations is easy to verify. We consider another family, namely (in analogy to the above notation) the one associated to the class quadruple (2A, 2A, 2B, 4A) in P GL 2 (11). Again, looking at the imprimitive action of P GL 2 (11) on 22 points, this monodromy leads to function fields C(t) ⊆ C(s) ⊆ C(x). This time, the P SL 2 (11)-part C(x)|C(s) is ramified over 5 points, with monodromy of type (2A, 2A, 2A, 2A, 2A).
We therefore look for points on a reduced Hurwitz space of dimension 2. However, we do not need to parameterize the whole surface.
Suitable choice of the branch points in C(t) and C(s) leads to a model for a two-parameter polynomial, corresponding to a curve on the Hurwitz space. Firstly, we can map the branch points of C(t) to 0, ∞ and −1 ± α, with α 2 ∈ Q (for a rational model) and only the places at zero and infinity ramifying in C(s). Therefore, by setting t = s 2 , we may assume that the finite ramification locus of s in C(x) is ± √ −1 − α, ± √ −1 + α, and therefore the set of zeroes of the polynomial
We can use the braid criteria exhibited in [9] to confirm the existence of a cover C → P 1 ,
where C is a curve of genus 1, parameterizing the polynomials with the above monodromy and restrictions on branch points. More precisely, our restrictions on the branch points lead to the same braids (R 0 := β 1 β 4 and R 1 := β 2 β 3 β 2 ) as curve no. 14 on p. 49 in [9] ; the group generated by these braids acts intransitively on the inner Nielsen class of P SL 2 (11)-generating tuples of type (2A, 2A, 2A, 2A, 2A) , with an isolated orbit of length 48 and corresponding braid orbit genus 1. (Alternatively, observe that the 4-tuple in P GL 2 (11) with which we started to obtain the restrictions on the branch points has a Hurwitz curve of genus 1.)
As a starting point for the computations, we used a polynomial with 4 branch points and P SL 2 (11) monodromy, computed by Malle in [23] . Develop this into a cover with 5 branch points (as done in the previous examples), and observe that the normalizer of an involution in P SL 2 (11) fixes one of the 2-cycles, therefore we can assume a polynomial equation
with deg(f ) = 11 and deg(g i ) = 3 (i.e. the infinite place of C(x) lies over the infinite place of C(s), with ramification index 2).
Specializing the coefficients of g 1 and g 2 at x 2 to sufficiently many rational values again allowed an interpolation polynomial (of degree 4 in both variables), and Magma computation again yields that this polynomial defines an elliptic curve of rank 1.
Now the procedure is the same as for the previous family: find a point on this curve that allows for a totally real fiber cover (one such point yields the polynomial
with Galois group P SL 2 (11)), and compose the resulting parameterization of s as a rational function in x with t = s 2 .
The Galois group can of course be verified just like in Theorem 8. In this case, we also computed a degree-12 polynomial defining the stem field of a stabilizer in P GL 2 (11) in its natural action on 12 points. This is the polynomialg in Theorem 9 below. It was found in the following way: Let E be the splitting field of the above polynomial g over Q(s 4 . Then the inner Hurwitz space of C := (2A, 3A, 2A, 3A, 2A) contains a rational genus zero curve over Q, and therefore infinitely many Q-points. Furthermore, among these Q points, there are some that lead to totally real P SL 3 (3)-polynomials.
Proof. The group generated by the braids B 0 := β 2 β 3 β 2 and B 1 := β (26) given on p.51 in Dettweiler's list of curves on Hurwitz spaces in [9] . The orbits under this action are of lengths 12, 48 and 60; and the cycle structure of the braids in the action on the orbit of length 12 yields a (rational) genus zero curve on the Hurwitz space.
Alternatively, observe that the 4-tuple of classes in Aut(P SL 3 (3)) (as an imprimitive permutation group on 26 points) with cycle structures (2 8 .1 10 , 2 13 , 3 6 .1 8 , 4 4 .2 5 ) has braid orbit genus g = 0. Our P SL 3 (3)-5-tuple becomes a rational translate of this 4-tuple in a natural way, via ascending to the P SL 3 (3)-fixed field. Therefore every rational point on the genus zero Hurwitz curve for the 4-tuple also yields a regular realization of P SL 3 (3) with the desired monodromy.
The statement about totally real polynomials follows from group theoretic considerations. One only needs to find an element of our braid orbit where the identity element of P SL 3 (3) acts as complex conjugation on the branch cycles, as described in [26, Thm. I.10.3] . This yields the existence of P SL 3 (3)-covers with totally real fibers, and as rational points are dense around real points on our g = 0-Hurwitz curve, there are also such covers defined over Q.
Explicit computation
As a starting point for the computations, we use a 4-point cover with group P SL 3 (3), with branch cycle structure (2A, 3A, 3A, 4A), as computed by Malle in [23] . From this, the usual deformation process of Section 3.1 leads to a 5-point cover with the above cycle structure, after writing the element of order 4 as a product of two involutions in P SL 3 (3).
Once this is achieved, Proposition 10 yields a recipe to compute a two-parameter family of P SL 3 (3)-polynomials -parametrized by a rational curve on the Hurwitz space -and specialize appropriately to obtain totally real extensions. This has been carried out in [20, Chapter 8.2 ]. The
The above family leads to P SL 3 (3)-polynomials with various other ramification types as well.
One particularly interesting observation is that f (α, β, t, x) (as a polynomial in x) also defines a genus zero extension with respect to α (not just with respect to t!), although not in rational parameterization. The branch cycle structure with respect to α consists of six involutions (all of cycle structure (2 4 .1 5 )).
Remark:
The next open cases with regard to totally real Galois extensions occur for the permutation degree n = 14: there are no explicitly known totally real Galois extensions of Q with Galois group P SL 2 (13) or P GL 2 (13). For these groups, the genus zero approach will no longer work. This is obvious for P GL 2 (13), as this group does not possess any generating genus zero tuples of length ≥ 4. For P SL 2 (13), there is just one rational genus zero 4-tuple (of cycle type (2A, 2A, 2A, 3A)), with a
Hurwitz curve of genus g = 1. One might therefore hope for an elliptic curve of rank ≥ 1, as in the above P GL 2 (11)-cases. However, explicit computation showed that this is an elliptic curve of rank zero (and more precisely, can be defined by y 2 = x 3 − 25x 2 + 136x − 180), with no rational points leading to covers with real fibers. The braid orbit is of length 30, and the Hurwitz curve of genus 1. Once again, the elliptic curve turns out to be of rank one, and does indeed provide rational points belonging to totally real fibers.
We only give one example:
Theorem 12. The polynomial f (t, x) := 9180125(x 2 + 77x − 572) 6 (x 2 + 2816) 3 (2439x 2 − 10318x + 10912)
